
Basic Topology 
and Games 

Determinacy
Jacques Duparc



the secret word is.....





The projective hierarchy

∆1
2

Σ1
3

Σ1
2

∆1
1

∆1
3

Σ1
1

Π1
3

Π1
2

Π1
1

. . . . . . . . .

ω ω1 ωω
1

  An example: evaluation 
game for 1st order logic

x

G(A) -  A first approach: games 
that are essentially finite

non determined game

The Borel hierarchy

∆0
2

Σ0
3

Σ0
2

∆0
1

∆0
3

Σ0
1

Π0
3

Π0
2

Π0
1Σ0

1

Σ0
2

Σ0
3 Π0

3

Π0
2

Π0
1∆0

1

∆0
2

∆0
3

Topology

Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings

Infinite Games

Blackwell Games



@  Imagine Alice and Bob alternately munch chocolate

@  when they take a piece off, they also take off all others 
located to the East and North of it and the ones in between
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@  Imagine Alice and Bob alternately munch chocolate

@  when they take a piece off, they also take off all others 
located to the East and North of it and the ones in between



@  the one who takes the last piece of chocolate loses



@  Imagine the bar is a square and Alice starts



@  Alice has a winning strategy



- first take (1,1), then                  . 

- when Bob picks (0,k), choose (k,0)
- when Bob picks (k,0), choose (0,k)
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- first take (1,1), then                  . 

- when Bob picks (0,k), choose (k,0)
- when Bob picks (k,0), choose (0,k)

@  Alice has a winning strategy:

Alice



@  Bob loses !!!!

Bob



@  Hence Alice always has a winning strategy.

@  (Same argument works even for any (∞,∞) chocolate bar).

@  What about rectangular chocolate bars?

@  Same argument works for any (n,n) chocolate bar.



@  Does Alice or Bob have a winning strategy ?

@  Does it depend on the size (n,k) ?



@  Does Alice or Bob have a winning strategy ?

Yes indeed,
for this is a finite 2-player game with perfect information



Yes indeed,
for this is a finite 2-player game with perfect information

@  finite duration, the game stops after finitely many moves

@  2 as opposed to 3,4,... where coalition comes in the way

@  at any time the whole configuration of the game is accessible 
to both players. As opposed to incomplete information

@  win or lose



@  such games are trees

@  plays are branches

@  strategies are sub-trees
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Yes indeed,
for this is a finite 2-player game with perfect information

@  the game tree is well-founded. 
- No infinite branch !.......
- A leaf sooner or later....

@  Solved by backward induction !

@  Does Alice or Bob have a winning strategy ?
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@  Does Alice or Bob have a winning strategy ?

Yes indeed,
for this is a finite 2-player game with perfect information
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@  Bob applies his winning strategy
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@  Bob applies his winning strategy

@  Alice plays against Bob



@  Except for the first piece of chocolate:                               .
Green↑= Red ↓ and Green↓= Red ↑ therefore            .
Alice munch the last one ↓⇒ Bob munch the last one ↓



@  Alice wins the game ↑. A contradiction





@  Determinacy for finite games yields “Alice has a winning strategy”
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@  Determinacy for finite games yields “Alice has a winning strategy”

@  What about an infinite (∞,∞) chocolate bar ?

-  This is still a finite 2-player game with 
perfect information, hence determined

-  Alice has a winning strategy 
- same as with (n,n) -





@  What about a three dimension infinite (∞,∞,∞) chocolate bar ?



@  What about a three dimension infinite (∞,∞,∞) chocolate bar ?

-  This is still a finite 2-player game with 
perfect information, hence determined



@  What about a three dimension infinite (∞,∞,∞) chocolate bar ?

-  This is still a finite 2-player game with 
perfect information, hence determined

-  Unknown who has a winning strategy 



The projective hierarchy

∆1
2

Σ1
3

Σ1
2

∆1
1

∆1
3

Σ1
1

Π1
3

Π1
2

Π1
1

. . . . . . . . .

ω ω1 ωω
1

  An example: evaluation 
game for 1st order logic

x

G(A) -  A first approach: games 
that are essentially finite

non determined game

The Borel hierarchy

∆0
2

Σ0
3

Σ0
2

∆0
1

∆0
3

Σ0
1

Π0
3

Π0
2

Π0
1Σ0

1

Σ0
2

Σ0
3 Π0

3

Π0
2

Π0
1∆0

1

∆0
2

∆0
3

Topology

Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings

Infinite Games

Blackwell Games



  An example: evaluation game for 1st order logic



  An example: evaluation game for 1st order logic

@  Given a 1st order language L, an L -structure M, and a formula φ:



  An example: evaluation game for 1st order logic

@  Given a 1st order language L, an L -structure M, and a formula φ:

  -  Assume φ contains only connectors among⎨∧,∨,¬⎬  -



  An example: evaluation game for 1st order logic

@  Given a 1st order language L, an L -structure M, and a formula φ:

  -  Assume φ contains only connectors among⎨∧,∨,¬⎬  -

  -  Verifier has a winning strategy in EV(φ, M) 

⇔
φ holds true in M





EV(φ, M) 
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  An example: evaluation game for 1st order logic



¬
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✔ becomes ✔,
✘ becomes ✘
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E(x,y)

  An example: evaluation game for 1st order logic



E(x,y)

✔ wins !

  An example: evaluation game for 1st order logic
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x

G(A)





@  What about infinite duration ?

-  A first approach: games that are essentially finite

-  essentially 1 = we know the winner after finitely 
many moves (even if the game has infinite duration) 

-  essentially 2 = we know the winner after finitely 
many moves, otherwise Bob wins 





@  For simplicity let us consider games where players choose integers

(the same would hole with 0,1 or any finite or countable alphabet) 

@  An integer may “code”  any kind of finite object such as 
a move on a graph, a path in a graph,...
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Bob has a w.s.

@  1st order logic provides determinacy !





@  when the game is infinite
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@  This is determinacy! @

@  It highly depends on     @A
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(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings
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W ⊆ N∗@  This means there exist                s.t. 
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- But what is a w.s. for Alice ?

- We assume Alice has no w.s. 

- a strategy for Alice is a n.e.p. tree S s.t.

(2) given any position u∈S for Bob, for all integers k uk∈S

- Let  T be the set of all positions

k

(1) for any position u∈S for Alice, there exists a unique integer k s.t. uk∈S
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 - T is a non -empty pruned  tree 

 - T is a quasi-strategy for Bob

 - with enough choice, we may 

 turn T into a strategy for Bob  S
S ∩ W = ∅

 hence,  S is a w.s. for Bob

 Therefore this game is determined!...
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Alice wins inside WNω
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@  The product topology of the discrete topology over N

◦ A set is open if it is of the form WNω for some W ⊆ N∗

◦ A set is closed if it is of the form [T ] for some tree T ⊆ N∗

  (we may get in but once we’re in we’re trapped !)

  (we may leave it, but if we do, we don’t come back !)

if it is the complement of an open set

turns       into the Baire SpaceNω



-  A first approach: games that are essentially finite

-  essentially 1 = we know the winner after finitely 
many moves (even if the game has infinite duration) 

-  essentially 2 = we know the winner after finitely 
many moves, otherwise Bob wins 
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Topology

Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings

Infinite Games

Blackwell Games



  There exists a non determined game



 - by transfinite induction and a diagonal argument,  construct payoff A s.t.

  There exists a 

@  different approaches

there exists A ⊂ Nω s.t.

neither Alice nor Bob has a w.s. in G(A)

- enumerate all strategies for Alice (2χ0 many)
 - enumerate all strategies for Bob  (2χ0 many)

 - enumerate all x         (2χ0 many)∈ Nω

 

{ 
 neither Bob nor Alice has a w.s.

 
(1) 

 
(2)  - similar to the swiss chocolate-game ?

non determined game





@  Except for the first piece of chocolate:                               .
Green↑= Red ↓ and Green↓= Red ↑ therefore            .

Bob  wins ↓ ⇒ Alice wins ↑





x

G(A)
Alice Bob
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If BoB has a w.s...
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Bob wins !





This game is not determined !
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X ∈ A ⇔ XC ∉ A

Frechet={X⊆  : XC is finite}N

Frechet is a Filter... 
 ....extend it into an Ultrafilter !
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 - by transfinite induction and a diagonal argument,  construct payoff A s.t.

  There exists a 

@  different approaches

- enumerate all strategies for Alice (2χ0 many)
 - enumerate all strategies for Bob  (2χ0 many)

 - enumerate all x         (2χ0 many)∈ Nω
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◦ (y1, . . . , yk) ∈ A ∈ Σ0
1 ⇐⇒






A is r.e.

∃x φ[x, y1, . . . , yk]

where φ is free of unbounded quantifiers

◦ A ∈ Π0
n ⇐⇒ A� ∈ Σ0

n

◦ (y1, . . . , yk) ∈ A ∈ Σ0
n+1 ⇐⇒






∃x (x, y1, . . . , yk) ∈ B

B ∈ π0
n

◦ ∆0
n = Σ0

n ∩Π0
n
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Infinite Games

Blackwell Games
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☞    (1960-70’s)   “Borel determinacy is too good to be true”

☞    (1960-70’s)   Tony Martin  proves consequences of Borel determinacy

determinacy, in order to disprove Borel determinacy

☞    (1971)   H. Friedman shows that Σα0 determinacy requires α iterations
of the power set axiom

☞   any proof should involve these large objects
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☞   Variations on the Gale-Stewart game.......................................................



Gale Stewart
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A: any set of infinite words



I II
G(A)



I II
G(A)



I II
G(A)



I II
G(A)



I II
G(A)



I II
G(A)



I II
G(A)



I II

I wins ⇐⇒ x ∈ A

G(A)



I II
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G(A)



I II

x

I wins ⇐⇒ x ∈ A

G(A)
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the empty sequence !
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I wins ⇐⇒ x ∈ A





☞   Det G(A) =⇒
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A has the Perfect Set Property
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the whole binary tree can be embedded !
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card(A) =ℵ0

2ℵ0

CH := ”2ℵ0 = ℵ1”
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G(A) -  A first approach: games 
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Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings
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The projective hierarchy

The Projective Hierarchy

Definition

A ⊆ S is analytic iff x ∈ A ⇔ ∃y (x, y) ∈ B, where B is closed in
S × ωω (equivalently Borel)

1 Σ1
1 = {Analytic sets}

2 Π1
1 = {S \ A : A ∈ Σ1

n}
3 ∆1

n = Σ1
n ∩ Π1

n

4 Σ1
n+1 = {A ⊆ S : x ∈ A ⇔ ∃y (x, y) ∈ B , for someB ⊆

S × ωω, B ∈ Π1
n}

Theorem (Suslin)

Borel = ∆1
1
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does it collapse ?

or is it strict ?



universal sets ⊕ diagonalization

Wadge Games



AD and large cardinals

Theorem (Martin 75)

ZF + DC ! Det(Borel)

Theorem (Martin 69)

ZF + DC ! 0! exists =⇒ Det(Σ1
1)

Theorem (Harrington 78)

ZF + DC ! 0! exists ⇐= Det(Σ1
1)

Theorem

ZF + DC ! Det(Σ1
1) ⇐⇒ ∀a ∈ R a! exists



AD and large cardinals

Theorem (Martin-Steel 88)

ZF + DC � there are n Woodin cardinals + a measurable above
=⇒ Det(Σ1

n+1)

Det(∆1
n+1) =⇒ there exists an inner model with n Woodin

cardinals

Theorem (Martin-Steel-Woodin)

There exist infinitely many Woodin cardinals and a measurable
above =⇒ (AD)L(R)



AD and large cardinals

Theorem (Woodin)

The following are equivalent:

ZFC+ ”there exist infinitely many Woodin cardinals”

ZF + AD
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☞   Why should we care ?
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⋃

i∈I
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☞   Games that construct mappings



  Completeness



  Completeness

☞   inside the arithmetical hierarchy

☞   a problem (language, set) A is complete for a class Γ if

☞   A ∈ Γ 

☞   ∀B ∈ Γ   B≤A



☞   ∀B ∈ Γ   B≤A



☞   ∀B ∈ Γ   B≤A

☞   there exists a mapping f (of some kind...)  s.t.

∀x  (x∈B  ⇒ f(x)∈A )

∀x  (x∉B  ⇒ f(x)∉A )



☞   ∀B ∈ Γ   B≤A

☞   there exists a mapping f (of some kind...)  s.t.

∀x  (x∈B  ⇔ f(x)∈A )



☞   ∀B ∈ Γ   B≤A

☞   there exists a mapping f (of some kind...)  s.t.

f -1 B = A



☞   Games that construct mappings



G(f)

f: any mapping from

infinite words to infinite words

x �−→ f(x)
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G(f)

x



I II
G(f)

x



I II
G(f)

x



I II
G(f)

x y



I II
G(f)

x y

II wins ⇐⇒ f(x) = y



f: any mapping from

infinite words to infinite words

x �−→ f(x)

Gskip(f)
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skip!
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Gskip(f)
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x y

Gskip(f)
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x y

Gskip(f)
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x y

II wins ⇐⇒ f(x) = y

Gskip(f)



f: any mapping from

infinite words to infinite words

x �−→ f(x)
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II wins ⇐⇒ f(x) = y
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• II has a w.s. in G(f) ⇐⇒ f Lipschiptz

• II has a w.s. in Gskip(f) ⇐⇒ f continuous
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☞   Does it remind you of something ?
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☞   Games that construct mappings



The projective hierarchy
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  An example: evaluation 
game for 1st order logic

x

G(A) -  A first approach: games 
that are essentially finite

non determined game

The Borel hierarchy
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Topology

Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings

Infinite Games

Blackwell Games



Reduction and Games

Reduction

Definition

X ≤ Y ⇐⇒ ∃f simple (x ∈ X ←→ f(x) ∈ Y )

simple w.r. to topological complexity means continuous
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Reduction and Games

Reduction

Definition

X ≤ Y ⇐⇒ ∃f simple (x ∈ X ←→ f(x) ∈ Y )

Y is C−complete ⇐⇒


Y ∈ C
X ≤ Y , any X ∈ C

X is less complicated than Y
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W(X,Y )

X and Y are two sets of infinite words
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II wins ⇐⇒ (x ∈ X ←→ y ∈ Y )



I II

x y

II wins ⇐⇒ (x ∈ X ←→ y ∈ Y )



I II

x y

II wins ⇐⇒ (x ∈ X ←→ y ∈ Y )



• Determinacy G =⇒ Determinacy W

• Determinacy =⇒ ≤ is almost a well-ordering

◦ X < Y ⇐⇒ X ≤ Y �≤ X

◦ X ≡ Y ⇐⇒ X ≤ Y ≤ X
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A > A0 > A1 > . . . > An > An+1 > . . .
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Topology

Topology

S a set, a topology on S is T = (S,O) where O ⊆ P(S) (set
of open sets) must satisfy:

(i) ∅, S ∈ O,

(ii) U, V ∈ O =⇒ U ∩ V ∈ O

(iii) ∀i ∈ I Ui ∈ O =⇒
⋃

i∈I

Ui ∈ O.☞   Games that construct mappings

Infinite Games

Blackwell Games
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{1} ❀ +, · ❀ ω

{1,ω} ❀ +, · ❀ ωω

{1} ❀ +, ·,ω. ❀ ε0 = ωωωω..
.ω

{1, ε0} ❀ +, ·,ω. ❀ ε1 = ωωωω..
.ω

(ε0+1)

{1, ε0, ε1} ❀ +, ·,ω. ❀ ε2 = ωωωω..
.ω

(ε1+1)

{1} ❀ +, ·,ω., ε. ❀ εεεε...ε(ε0)
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ω-words ❀ det. = non det.

For 0 < ξ < ωω
with

Position in the Wagner Hierarchy ❀

ξ = ωnk · lk + ωnk−1 · lk−1 + . . .+ ωn0 · l0
(with n0 < n1 < . . . < nk < ω and ∀i ≤ k 0 < li ∈ ω).

Position in the Wadge Hierarchy ❀

ωnk
1 · lk + ω

nk−1

1 · lk−1 + . . .+ ωn0
1 · l0

(with n0 < n1 < . . . < nk < ω and ∀i ≤ k 0 < li ∈ ω).
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ω-words ❀ det. = non det.

For 0 < ξ < ωω
with

Position in the Wagner Hierarchy ❀

ξ = ωnk • lk ⊕ ωnk−1 • lk−1 ⊕ . . .⊕ ωn0 • l0
(with n0 < n1 < . . . < nk < ω and ∀i ≤ k 0 < li ∈ ω).

Position in the Wadge Hierarchy ❀

ωnk
1 • lk ⊕ ω

nk−1

1 • lk−1 ⊕ . . .⊕ ωn0
1 • l0

(with n0 < n1 < . . . < nk < ω and ∀i ≤ k 0 < li ∈ ω).
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The Wadge Hierarchy restricted to ω-regular languages

ω-words

deterministic (Büchi) ❀ ω + 1

non-deterministic (Büchi) ❀ ωω

ω-trees

deterministic ❀ (ωω)3 + 3

non-deterministic ❀ huge!

() 5 / 5



automata on words [Wagner 79]

det. automata on trees [Murlak 06]

det. pushdown automata [D. 03]

det. Turing machines [Selivanov 03]

non-det. pushdown automata [Finkel 01, ...]

Measure of strength : height of hierarchy

ωω

(ωω)3 + 3

(ωCK)ω

(ωω)ω

Θ
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Blackwell games

Blackwell Games

Games with slightly imperfect information

I x0 x2 x4 . . . . . .
↓ � ↓ � ↓ �

II x1 x3 x5 . . . . . .




 x ∈ 2ω

Blackwell strategy : σ : 2even −→ Prob({0, 1})
Given σ strategy for I, τ strategy for II

induces a probability measure on s�2ω

generates a Borel probability measure µσ,τ on 2ω



Blackwell games

Given A ⊆ 2ω, σ for I, τ for II, the Blackwell value of the
strategies are

valAI (σ) = inf
�
µ−σ,τ (A) : τ Blackwell strategy for II

�

valAII(τ) = sup
�
µ+

σ,τ (A) : σ Blackwell strategy for I
�

Given A ⊆ Xω, the Blackwell value sets are

VI(A) =
�
valAI (σ) : σ Blackwell strategy for I

�

VII(A) =
�
valAII(τ) : τ Blackwell strategy for II

�

VII(A) dominates VI(A) iff

∀ vII ∈ VII(A),∀ vI ∈ VI(A), vII ≥ vI



Blackwell games

If inf VII(A) = supVI(A) = p, the outcome of the game is
stochastically determined:

Both players can approximate the outcome that players I wins
with probability p

A is Blackwell determined if inf VII(A) = supVI(A)

sup
σ

inf
τ

µ−σ,τ (A) = inf
τ

sup
σ

µ+
σ,τ (A)



Blackwell games

Theorem (Martin 98)

ZF + DC � Borel Blackwell determinacy

Theorem (Martin)

Classwise, Det(Γ) =⇒ Blackwell Det(Γ)

AD =⇒ Blackwell Det

Conjecture (Martin)

AD ⇐⇒ Blackwell Det

Theorem (Martin, Neeman, Vervoort 03)

(Blackwell Det)L(R) =⇒ (AD)L(R)


